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Abstract

In the present paper, a systematic investigation on numerical modeling of variable-property microchannel flows with electro-thermo-
hydrodynamic interactions is presented. General variable-property electro-thermal flow model consisting of mass, momentum, energy,
electric potential and ions transport equations in dimensionless form is formulated and employed to study transport phenomena in
microchannel flows. The major concerns are: (1) evaluation of the model approximations such as equilibrium ion distribution, con-
stant-property and/or small zeta potential for non-overlap electric double layer (EDL); (2) the electro-thermo-hydrodynamic interactions
under conditions of strong EDL effects, and (3) differences in microchannel flow characteristics at driving conditions of constant pressure
gradient (CPG) and constant flow rate (CFR). Variations of fluid, transport and electric properties with local temperature and/or ion
concentration are considered. The present results demonstrate that the variable-property model with Poisson–Boltzmann potential is
an appropriate approximation for transport phenomena in microchannel flows. The results also disclose that, compared to those in
CPG flows based on the same Reynolds number, effects of temperature non-uniformity and variable-property are relatively more pro-
nounced in the CFR flows. At either CPG or CFR condition, heat transfer performance changes little with the variations of electric and
flow parameters in this low Reynolds number (Re = 0.1) flow; while electric and flow fields can be significantly affected by variation of
the governing parameters.
� 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Among the developing microtechnologies, microchannel
flow is no doubt one of the significant branches for its wide
applications, e.g. micro heat exchanger, lab-on-a-chip
devices (pumping, mixing, thermal cycling, dispensing
and separating), etc. It has been well understood that, for
the hydraulic diameter or height of microchannel small
enough (e.g. the order of 10 lm or less), the electrokinetic
effects has become significant in the presence of electric
double layer (EDL) and unbalanced ion distribution. In
pressure-driven flows, the migration of the mobile ions in
0017-9310/$ - see front matter � 2007 Elsevier Ltd. All rights reserved.
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the liquid flow produces streaming current and streaming
potential. The built potential and the conducting current,
in turn, modify the pressure-driven main flow with a
retarding effect. Study of the electrokinetic flows can be
dated back to the earlier analyses, e.g. [1], with linearized
Poisson–Boltzmann equation for solution of the electric
potential. Later, Levine et al. [2] extended the analysis to
the case of high zeta potential with electric potential solved
with Poisson–Boltzmann equation.

In the last decade, due to the emergence of microsystem
technology, microfluidics with electrokinetic effects attracts
lots of attentions. A number of studies were carried out for
analysis of pressure-driven electrokinetic flows in micro-
channels, e.g. flows between two parallel plates [3] and in
rectangular ducts [4,5]. Recently, Soong and Wang [6]
employed a microchannel model with one wall sliding to
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Nomenclature

a semi-height of the plate channel (m)
Ac cross-sectional area of the channel
B dimensionless characteristic wall-to-fluid tem-

perature difference, (T1 � T0)/T0

cp specific heat (kJ kg�1 K�1)
e elementary charge, 1.6021 � 10�19 (C)
E electric field vector (V m�1)
Ec Eckert number, U2

0=cpDT 0

Es streaming potential gradient (V m�1)
E�s dimensionless streaming potential gradient,

E�s ¼ ezEsL0=kBT 0

f friction coefficient, f ¼ 8sw=qU 2
0

fRe friction factor
G dimensionless electric force parameter, G ¼

kBn0T 0=q0U 2
0

H dielectric force parameter, H ¼ e0k2
BT 2

0=
q0e2z2L2

0U 2
0

h heat transfer coefficient (W m�2 K�1)
Ic conducting current (A)
Ii ionic concentration gradient induced current (A)
Is streaming current (A)
J Joule number, J ¼ ðk0k2

BT 2
0=z2e2Þ=q0U 0L0cpDT 0

K non-dimensional electrokinetic separation dis-
tance, K = ja

k thermal conductivity of liquid (W m�1 K�1)
kB Boltzmann constant, 1.3805 � 10�23 (J mol�1

K�1)
n0 bulk concentration of ions (m�3)
Nu Nusselt number, 2ah/k0

P pressure (N m�2)
Re Reynolds number, qU0a/l0

Sij strain rate, Sij = 1/2(oui/oxj + ouj/oxi) (s�1)
T temperature (K)

DT0 characteristic wall-to-fluid temperature differ-
ence, T1 � T0 (K)

u,v x and y-components of velocity (m s�1)
X,Y dimensionless coordinates
x, y coordinates (m)
z valence of ions

Greek symbols

dT dimensionless wall temperature difference,
(T1 � T2)/DT0

e permittivity of liquid (C V�1 m�1)
U dissipation function, (oui/oxj + ouj/oxi)oui/oxj

(s�2)
j Debye–Hückel parameter, (2n0e2z2/ekBT0)1/2

(m�1)
k bulk electric conductivity of liquid (X�1 m�1)
ks specific surface electric conductivity (X�1)
l dynamic viscosity (kg m�1 s�1)
q liquid density (kg m�3)
qe charge density (C m�3)
h dimensionless temperature function, h = (T �

T0)/DT0

w electrostatic potential (V)
ws streaming potential (V)
s dimensionless time, s = tU0/L0

sw wall shear stress, sw = l0(ou/oy)w

f zeta potential (V)

Subscripts

e exit
i inlet
* normalized quantity
0 reference
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explore electrokinetic flows at asymmetric boundary condi-
tions. The above studies are all theoretical analyses on the
flows driven by a constant pressure gradient (CPG).
Besides, to facilitate the analysis, they all restricted them-
selves at conditions of small zeta potential (<50 mV) and
non-overlapping EDL. Numerical simulation of CPG at
fully-developed flow condition was performed [7]. For a
study of combined pressure gradient and electroosmotic
pumping liquid flow in microchannels [8–10]. Among these,
fluid properties at isothermal conditions were used in [8,9],
whereas in [10], besides the Joule heating, only the electric
conductivity and fluid viscosity were assumed temperature-
dependent. By using Nernst–Planck equation for solution
of the ion distributions, Chen et al. [11] analyzed numerical
solutions of developing flow driven at a condition of con-
stant flow rate (CFR) in a parallel slit microchannel. In
summary of the above review, only the last analysis [11]
accounted for ion concentration-dependence of electric
conductivity, while the others considered constant
properties.

Although the CPG flow is a common model employed in
the previous studies of microchannel flows, driving condi-
tion of CFR is significant in some practical applications,
where a precision flow-rate control is extremely important
such as the drug delivery systems. Similar as well as dissim-
ilar natures of the electrokinetic flows driven at CPG and
CFR conditions are significant for better understanding
of the fundamental microfluidic characteristics. For the
flow with a non-uniform temperature field, the physical
(fluid, transport, and electric) properties may vary with
the local fluid temperature. In a recent work on rotating
electrokinetic flow [12], the influences of the temperature-
dependence of the physical properties were demonstrated.
Through the coupling natures of electric, thermal, and flow
fields, this class of microfluidics can be influenced by the
electro-thermal hydrodynamic interactions.



212 P.W. Hwang, C.Y. Soong / International Journal of Heat and Mass Transfer 51 (2008) 210–223
Three major concerns of the present numerical study are
(1) formulation of general variable-property electro-ther-
mal flow model and evaluation of its various approxima-
tions, (2) effects of governing parameters on the electro-
thermo-hydrodynamic interactions under the conditions
of strong EDL effects, and (3) differences in microchannel
flow characteristics at driving conditions of CPG and
CFR. A general model and its approximations of various
levels in dimensionless form are formulated. Comparing
the predictions using different models, the effects of variable
properties on the field solutions and the appropriateness of
the approximate models are explored. In the present study,
the numerical computations of CPG flows at lower f-poten-
tials are compared with the previous analytic solutions for
validation and, then, the electro-thermo-hydrodynamic
characteristics at CPG and CFR conditions with higher
f-potentials and non-isothermal effects are presented. Volu-
metric flow rate in CPG flow and pressure drop generated in
CFR flow are also evaluated.

Although the model formulated enables a three-dimen-
sional analysis, we adopt two-dimensional (2-D) microchan-
nel flow as the model configuration in the present study. The
reasons are 2-fold and addressed as follows. Firstly, in most
practical cases, microchannels are significantly wider than
depth as a consequence of the micromachining technique
[13]. In a review paper of micromixers [14], it was reported
that the available mixing channels are of height-to-width
ratios in a wild range. The 2-D configuration can be an
approximation for microchannels of small height-to-width
aspect ratios used in practical applications. Secondly, except
the flows with strong three-dimensional effects, the 2-D anal-
ysis may provide useful information to explore physical
mechanisms of the complicated electro-thermal flows.
2. Modeling of electro-thermal flows at microscales

2.1. General model in vector form

In general, liquid is assumed incompressible and thus
the compression work can be neglected. Considering the
influences of local temperature and ion concentration on
fluid properties, the vector form of variable-property elec-
tro-thermal flow equations, i.e., continuity, momentum
conservation, thermal energy conservation, ion transport
(Nernst–Planck) and electrical potential (Poisson) equa-
tions, are depicted as follows:

r � V ¼ 0; ð1Þ
qoV=ot þ qV � rV ¼ r � ð2lSijÞ � rP þ qeE� ð1=2ÞE2re;

ð2Þ
qoðcpT Þ=ot þ qV � rðcpT Þ ¼ r � ðkrT Þ þ lUþ kE2; ð3Þ
oni=ot þ ðV � rÞni ¼ r � ðDirniÞ þ r � ½ðeniziDi=kBT Þrw�;

ð4Þ
r � ðerwÞ ¼ �qe ¼ �

X
i

enizi; ð5Þ
where V is the velocity vector, P the pressure, T the temper-
ature, U the dissipation function, ni the ith ion concentra-
tion, w the electric potential, t the time variable, and kB

the Boltzmann constant. The fluid/transport properties,
including the viscosity l, the thermal conductivity k, the
specific heat cp, the permittivity e, the ion diffusivity Di,
and the bulk liquid electric conductivity k, are considered
to be variable. The electric charge density is evaluated by
qe ¼

P
ienizi with the elementary charge e, and the concen-

tration ni and valance zi of the ith ion. The last two terms in
Eq. (2) are related to the electric forces, of which the first
term stands for the Coulomb force and the second term
for the dielectric force. The electric field E can be expressed
as E = �$w � Ee + Es, where w stands for the electrostatic
potential distribution, Ee for the externally applied electric
field, and Es = ws/L for the streaming potential gradient in-
duced in a forced flow, where ws is the streaming potential
and L is the channel length. In a straight channel streaming
potential has only one component ws along the channel. At
steady state, the streaming potential along the flow channel
can be evaluated by balancing the currents in the flow field,
i.e., Ii + Ic + Is = 0, where the current due to ion distribu-
tion Ii, the streaming current Is, and the conducting current
Ic are, respectively,

I i¼
Z

Ac

e Dþzþ
onþ
ox
þD�z�

on�
ox

� �
dAc ¼

Z
Ac

ez Dþ
onþ
ox
�D�

on�
ox

� �
dAc;

ð6Þ
I s¼

Z
Ac

uqe dAc; ð7Þ

Ic¼Es

Z
Ac

kdAcþ2wEsks; ð8Þ

in which Ac and w, respectively, denote cross-sectional area
and width of the channel. It is supposed that the effect of
surface conductivity ks is relatively small and not consid-
ered in the present analysis, I c � Es

R
Ac

kdAc, therefore,
one has streaming potential gradient cross the microchan-
nel length,

Es ¼ �
R

Ac
uqe � ez Dþ

onþ
ox � D� on�

ox

� �� �
dAcR

Ac
kdAc

ð9Þ

In energy equation (3), the Joule heating rate kE2 and vis-
cous dissipation rate lU are two terms of heat generation.
As a strong electric field is applied, the Joule heating may
become important in the thermal energy balance.
2.2. Variable-property flow model in dimensionless form

The above governing equations can be transformed into
a dimensionless form. Since the extension of the non-
dimensionalization procedure of two-dimensional flow
equations to three-dimensional ones is trivial, without loss
of generality, development of governing equation (1) to (5)
for two-dimensional microchannel flows is performed.
Consider the microchannel of length L and height 2a in
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Fig. 1. Physical model of the two-dimensional microchannel flow driven
at constant pressure gradient (CPG) or constant flow rate (CFR).
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Fig. 1 with the following normalized variables and dimen-
sionless parameters

u� ¼ u=U 0; v� ¼ v=U 0; X ¼ x=L0; Y ¼ y=L0;

P � ¼ P=ðq0U 2
0Þ; w� ¼ ezw=kBT 0;

f� ¼ ezf=kBT 0;

E� ¼ ezEL0=kBT 0; s ¼ tU 0=L0; q�e ¼ qe=ðezn0Þ;

h ¼ ðT � T 0Þ=DT 0;

n�� ¼ n�=n0; e� ¼ e=e0; l� ¼ l=l0;

k� ¼ k=k0; c�p ¼ cp=cp0; k� ¼ k=k0;

K ¼ L0j ¼ L0

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2n0e2z2=e0kBT 0

p
;

Re ¼ q0U 0L0=l0; G ¼ kBn0T 0=q0U 2
0;

H ¼ e0k2
BT 2

0=q0e2z2L2
0U 2

0;

Sc� ¼ l0=q0D�0; Pr ¼ cp0l0=k0; Ec ¼ U 2
0=cpDT 0;

J ¼ ðk0k2
BT 2

0=z2e2Þ=q0U 0L0cpDT 0
In the above expressions, the notations with the sub-
script 0 denote characteristic (reference) quantities, Re is
the Reynolds number, G the electric force parameter, H

the dielectric force parameter, Sc± the Schmidt number,
Pr the Prandtl number, Ec the Eckert number, and J the
Joule number. The parameter K = L0j is a dimensionless
parameter named the electrokinetic separation distance,
whereas j = (2n0e2z2/e0kBT0)1/2 is the so-called Debye–
Hückel parameter, and its inversion, j�1, is referred to as
the characteristic thickness of EDL. The characteristic
length L0 is semi-height of the channel, i.e., L0 = a. For
z � z symmetric electrolyte, z+ = �z� = z, the resultant
dimensionless equations in conservative form are

ou�

oX
þ ov�

oY
¼ 0 ð10Þ
ou�

os
þ o

oX
u�u� � 2

Re
l�

ou�

oX

� �
þ o

oY
v�u� � 1

Re
l�

ou�

oY
þ ov�

oX

� �

¼ � oP �

oX
þ Gq�eE�x �

1

2
HE�2

oe�

oX
ð11Þ
ov�

os
þ o

oX
v�u� � 1

Re
l�

ov�

oX
þ ou�

oY

� �
þ o

oY
v�v� � 2

Re
l�

ov�

oY

� �

¼ � oP �

oY
þ Gq�eE�y �

1

2
HE�2

oe�

oY
ð12Þ

oc�ph

os
þ o

oX
c�pu�h� 1

RePr
k�

oh
oX

� �
þ o

oY
c�pv�h� 1

RePr
k�

oh
oY

� �

¼ Ec
Re

l�U� þ Jk�E�2 ð13Þ

on��
os
þ o

oX
u�n�� �

1

ReSc�
D��

on��
oX
	 1

ReSc�
D��

n��
1þ Bhð Þ

ow�

oX

	 


þ o

oY
v�n�� �

1

ReSc�
D��

on��
oY
	 1

ReSc�
D��

n��
1þ Bhð Þ

ow�

oY

	 

¼ 0

ð14Þ

o

oX
e�

ow�

oX

� �
þ o

oY
e�

ow�
oY

� �
¼ K2 n�� � n�þ

2
ð15Þ

In the present flow configuration, the streaming poten-
tial appears in x-direction only. Without electric field
applied externally, the components of the electric field are
E�x ¼ E�s and E�y ¼ 0. To complete the model, the dimen-
sionless form of the streaming potential gradient,
E�s ¼ ezEsL0=kBT 0, is needed, viz.

E�s ¼ �
e2z2n0U 0L0

kBT 0k0

R
A�c

u�q�e dA�cR
A�c

k� dA�c
þ Dþ0

U 0L0

�
R

A�c
D�þ

on�þ
ox dA�cR

A�c
k� dA�c

"

� D�0

U 0L0

�
R

A�c
D��

on�þ
ox dA�cR

A�c
k� dA�c

#
ð16Þ

For the boundary condition of isothermal walls, the
related thermal parameters are the characteristic wall-
to-fluid temperature difference, DT0 
 T1 � T0 and the
wall-temperature difference, dT = (T1 � T2)/DT0 with B =
DT0/T0 and T0 = 298 K.
2.3. Approximations of various levels

For the above general model, the approximations used
in the conventional thermal-fluid analyses such as con-
stant-property and fully-developed conditions can be
employed to simplify the problem as necessary. Besides,
approximations in solution of the electric potential are
most noteworthy. The electric potential can be obtained
by solving the Poisson equation, Eq. (15), with the ion con-
centrations from Nernst–Planck equations, Eq. (14), in
which general considerations of ion convection, level of
zeta potential, EDL overlap, variable properties and non-
isothermal effects are encompassed. This is the Poisson–
Nernst–Planck (PNP) model for solution of the electric
potential.

At equilibrium state, the ion concentrations can be des-
cribed by Boltzmann distribution, i.e. n± = n0 exp (	ezw/
kBT), and there is no need to solve Nernst–Planck
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equations. The charge density can be expressed as qe =
ez(n+ � n�) = �2n0ezsinh(ezw/kBT). Then, Eq. (15) can be
written in the form of the so-called Poisson–Boltzmann
(PB) equation, viz.

o

oX
e�

ow�

oX

� �
þ o

oY
e�

ow�

oY

� �
¼ K2 sinh

w�

1þ Bh

� �
ð17Þ

To simplify the problem and facilitate the analysis,
approximations such as neglecting the ion convection and
assuming the ion distributions to be at equilibrium state
with EDL either no or low-degree overlapping are usually
employed. As the Debye–Hückel approximation for small
zeta potential, sinh[w*/(1 + Bh)] � w*/(1 + Bh), is invoked,
Eq. (17) can be further simplified to the linearized Poisson–
Boltzmann (LPB) equation

o

oX
e�

ow�

oX

� �
þ o

oY
e�

ow�

oY

� �
¼ K2w�

1þ Bh
: ð18Þ

Without solving the additional nonlinear partial differ-
ential equations for ion distributions (n±), the simplified
models, PB and LPB, need relatively less computational
efforts than the nonlinear PB model but their applications
are restricted by the assumptions invoked.
2.4. Boundary conditions and initial guesses

The inlet conditions are u* = 1, v* = 0, w* = 0, and
h = 0. At walls, the conditions for velocity u* = v* = 0 the
potential w� ¼ f�1 and w� ¼ f�2, and the temperatures
h = h1 and h = h2 are imposed. Since this class of extremely
low Reynolds number flows becomes fully developed in
a very short entry length, the conditions ou*/oX =
ov*/oX = ow*/oX = oh/oX = 0 are employed at the down-
stream boundary of the computational domain for CFR
flow. While for CPG flows, the flow rate or mean velocity
is not known a priori, periodic boundary conditions are
posed at inlet and exit of the channel. The initial guesses
for all variables are set to be zero, while the reference value
is used for temperature field to initiate the computation.
2.5. Numerical method

The governing equations are discretized by finite volume
method and solved on non-uniform grid systems. All vari-
ables are stored and computed at control volume center,
and the values at the center of control surface are obtained
by linear interpolation that is a second-order approxima-
tion on both uniform and non-uniform grids [15]. For con-
vection terms in the equations, to overcome the drawback
of non-diagonal dominance of the coefficient matrices
stemmed from central differencing, the deferred correction
procedure blending upwind and central-difference schemes
is employed. The pressure-velocity coupling is treated with
SIMPLEC algorithm [16], which is one of the SIMPLE-
based solution methods [17–20]. The pressure interpolation
at cell faces is employed to avoid unrealistic pressure oscil-
lations. The system of discretized algebraic equations is
solved by SIP method [21].
3. Results and discussion

3.1. Description of governing parameters

Consider microchannel flow configuration shown in
Fig. 1 with 1–1 infinite dilute electrolyte KCl of concentra-
tion n0 = 10�6 M, the characteristic length a of order 1 lm
or 10 lm, and the zeta potential 0 6 f 6 200 mV. The ref-
erence velocity U0 is the mean velocity Um in the channel.
For flows at CFR condition, Um can be evaluated from the
given flow rate and the value corresponding to the baseline
one at Re = 0.1 is employed; while for CPG, pressure gra-
dient across the channel length L, DP/L, is prescribed
rather than the flow rate or the mean velocity. In definition
of Re, therefore, the mean velocity corresponding to the
baseline case of Poseuille flow with a given pressure gradi-
ent, i.e., Um = �a2(DP/L)/3l, is used. With the appropriate
values of pressure gradient or flow rate, in the present
study, the corresponding dimensionless zeta potential
0 6 f* 6 8, the electrokinetic separation distance K

between 0.5 and 50, and the Reynolds numbers Re = 0.1
are used through the present computational work. The
inlet fluid temperature is T0 = 298 K. The thermal param-
eters B 
 DT0/T0 = (T1 � T0)/T0 and dT = (T1 � T2)/DT0,
in the non-isothermal computational cases are evaluated
with T2 = T0 = 298 K and DT0 = 0–60 K, thus, dT = 1,
B = 0–0.2. Based on the above parameters with typical val-
ues of K �10 and DT0 �10 K, the Coulomb force parame-
ter G is O(1); while the other dimensionless parameters, H

for dielectric force is O(10�2), Ec for viscous dissipation is
O(10�8), and J for Joule heating is O(10�9). Although the
latter three has minor influences on the present flow config-
uration, we still retain their effects in the models for com-
pleteness of the numerical models but will not present
detailed parametric study on these effects.

Since the liquid flow under consideration is a very dilute
solution, the fluid properties of water are used in the simu-
lations. The viscosity l, the thermal conductivity k, the per-
mittivity e, the ion diffusivity Di, and the bulk liquid electric
conductivity k are considered as variable and the correla-
tions of the dimensionless parameters l�ðhÞ; k�ðhÞ; e�ðhÞ;
k�ðn��; hÞ, and D��ðhÞ are presented in Appendix A. Addi-
tionally, the variation of the specific heat cp is assumed
constant or c�pðhÞ ¼ 1 for its relatively small variation with
fluid temperature in the ranges of parameters considered in
the present work.
3.2. Grid test and code validation

Non-uniform grid clustered towards walls is arranged
for the presence of high potential gradients at high-K con-
dition. In all cases studied, the smallest grid size of 10�5a



Table 1
Grid-dependence of PB-V predictions of E�s ; ðow

�=oY Þ1, and (ow*/oY)2 for a CPG flow at Re ¼ 0:1;K ¼ 50; f�1 ¼ 8; r1 ¼ 1;B ¼ 0:2; dT ¼ 1

Grid no. E�s Error* (%) (ow*/oY)1 Error (%) (ow*/oY)2 Error (%)

502 � 27 0.177879 1.733 �1687.837987 �3.790 2608.027486 �4.312
502 � 52 0.175739 0.510 �1734.199781 �1.143 2693.984044 �1.159
502 � 77 0.175179 0.190 �1746.787187 �0.426 2713.704411 �0.435
502 � 102 0.174996 0.085 �1750.917575 �0.191 2720.223577 �0.196
502 � 127 0.174915 0.039 �1752.74224 �0.086 2723.125051 �0.089
502 � 152 0.174873 0.014 �1753.698819 �0.032 2724.657493 �0.033
502 � 177 0.174848 0 �1754.259618 0 2725.562552 0

* Errors are evaluated with the results on the finest grid of 502 � 177 as reference.

Fig. 2. Comparisons of various models for streaming potential gradients
in microchannel flows driven at a (a) constant pressure-gradient; and (b)
constant flow rate.
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next to walls is employed. For the present flow at the low
Reynolds number Re = 0.1, the numerical solutions dem-
onstrate that the flow is fully developed at very short
entrance length, say X < 1. However, considering the
appropriateness of imposing fully-developed conditions
and economics in computational time, the microchannel
of length 40a is used. Simulations using variable-property
model for the flows at Re = 0.1 with parameters K = 50,
f* = 8, rf = 1, B = 0.2, and dT = 1 are carried out to exam-
ine the grid-dependence of the predictions. Since the solu-
tions are not sensitive to the variations in x-direction, the
grid number in x-direction (502) is fixed in the grid-inde-
pendence test, while that in y-direction is changed from
27 to 177, i.e. 502 � 27, 502 � 52, 502 � 77, 502 � 102,
502 � 127, 502 � 152, and 502 � 177. The predictions of
the streaming potential gradient, E�s , and the potential gra-
dient at walls, (ow*/oY)1 and (ow*/oY)2, are shown in
Table 1. It is evident from the data listed that the deviation
of the solutions obtained on the grid systems of 502 � 152
and 502 � 177 are within 0.035%. This concludes the grid-
independence and the grid of 502 � 152 is employed
through this study.

To verify the present numerical predictions, isothermal
flows driven at CPG with various electrokinetic conditions
are examined. Since the streaming potential gradient E�s is a
consequence of electro-hydrodynamic interaction, E�s in
some typical cases predicted using various models are
shown in Fig. 2a for comparison. In Fig. 2a, the predictions
at Re ¼ 0:1; f�1 ¼ 4; r1 ¼ 1; dT ¼ 1;B ¼ 0; 0:1 and K = 3, 10,
50 are presented. It is observed that the numerical results
using LPB model with constant properties agree almost
exactly with the analytic solutions [6].

In previous analytic/numerical investigations, reduced
models with constant properties were usually used. To sys-
tematically compare the performance of these models, in
the following presentation the computational results pre-
dicted using the electric potential models of PNP, PB,
and LPB are examined. For each of the above three mod-
els, the following three situations of the fluid and transport
properties are considered: (1) l, k, e, k, D± = constant –
constant-property flow; (2) l, k, e = constant, and k,
D± = f(n±) – the fluid viscosity, thermal conductivity, and
permittivity are constant but the electrical conductivity
and ion diffusivities are functions of ion concentration;
and (3) l, k, e = f(T), and k, D± = f(n±,T) – the fluid
viscosity, thermal conductivity, and permittivity are func-
tions of local fluid temperature, and the electrical conduc-
tivity and ion diffusivities are functions of both local ion
concentration and fluid temperature. For brevity, C, IC,
and V, respectively, are used to denote the above three sit-
uations, i.e., (1) constant-property (C); (2) properties vary-
ing with ion concentration (IC), and (3) all properties
variable (V). For example, PB-V stands for the flow model
with variable properties and the electric potential solution
by Poisson–Boltzmann equation.



Fig. 3. (a) Electric potentials and (b) velocity profiles in CPG driving
microchannel flows predicted by using various flow models.
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3.3. Comparisons of various models with/without influences

of local temperature and ion distributions

To explore the deviations in predictions using approxi-
mate models, the numerical solutions of E�s with various
models are compared. In Fig. 2, the results with B = 0
are constant-property flow solutions, and the data at
B = 0.1 and dT = 1 are non-isothermal solutions generated
by variable-property flow models. Relatively, the lineariza-
tion of PB equation causes major deviation, and the devia-
tion becomes more remarkable with increasing EDL effects
at a larger zeta potential ðf�1Þ and/or a smaller Debye–Hüc-
kel parameter (K). Whereas predictions with PB and PNP
solutions of electric potential agree fairly well for both
CPG and CFR flows in Figs. 2a and 2b, respectively. It
is observed that variation of E�s with increasing f�1 is non-
monotonic and a local maximum appears at a certain
zeta potential. This non-monotonic nature of E�s –f�1
correlations can be elucidated as follows. In microchannel
flows, the streaming current as well as the streaming
potential increases with the product of the local flow
velocity and the charge density, i.e. u � qe, as that shown
in Eq. (9). Increases in either fluid velocity or charge den-
sity will enhance streaming current as well as streaming
potential. Increase in f�1 leads to an increase in charge
density but a reduction in fluid velocity in the near-wall
region due to the presence of an electric force against the
main flow, which is the so-called electrokinetic retardation.
As the zeta potential f�1 increases, therefore, the electroki-
netics force is enhanced and the viscous force is reduced
with the decrease in near-wall fluid velocity, whereas the
sum of both forces should be equal to the driving force
in a fully developed flow. The resultant streaming potential
depends on the competition of these two counter effects. At
the small zeta potential, the change in flow velocity is
small and the variation of the charge density dominates
the variation in streaming potential. As the zeta potential
is further increased, however, the flow velocity in the
EDL reduces remarkably due to strong retardation
and the value of the product u � qe reduces and, therefore,
the streaming potential drops with the increasing value of
f�1.

The parameter K can be regarded as an index for effec-
tive channel height in the viewpoint of electrokinetics. A
higher value of K implies a relatively large channel height
and, therefore, a weaker EDL effect. With K increased
from 3 to 50, the streaming potential gradient E�s reduces
for the weakened electrokinetic effects. As a result, the
non-monotonic variation becomes mild. Therefore, the
turning point or the local maximum of the E�s –f�1 curve
shifts towards a relatively higher zeta potential. In isother-
mal flow (B = 0), the values of the resultant streaming
potential gradient E�s in CFR flows are a little higher than
the corresponding values in CPG flows. With the presence
of temperature non-uniformity (B = 0.1 and dT = 1), the
values of E�s in CFR flows are smaller than that in CPG
flows. The results shown in Fig. 2 also reveal that the
electrokinetic effect reduces with increasing K and dimin-
ishes at K = 50.

Electric potential and velocity distributions, w* and u*,
in a typical CPG flow of strong EDL effect at conditions
of Re ¼ 0:1;K ¼ 3; f�1 ¼ 4; r1 ¼ 1;B ¼ 0:1 and dT = 1, are
presented in Fig. 3, and the predictions of the counterpart
cases of CFR are shown in Fig. 4. The predictions of the
streaming potential gradient E�s by various models are
listed in Table 2. At the condition of strong EDL effects,
the constant-property model always drastically over-pre-
dicts the streaming potential gradient at both CPG and
CFR flows, while the PB and PNP solutions are close to
each other. Generally, the potential distributions at condi-
tions of relatively high zeta potential ðf�1 ¼ 4Þ and low
K(K = 3) shown in Figs. 3a and 4a demonstrate overlap-
ping of the EDL. In Fig. 3a, the electrical potential solu-
tions roughly fall into two groups. As mentioned above,
the PB and PNP solutions are quite close, but the LPB
deviates from them noticeably. It implies that the lineariza-
tion has stronger influences on the potential solutions. The
deviations of the electric potential solutions shown in
Fig. 3a seem not too serious. However, in CPG flows with
a given pressure gradient, the electrickinetic retardation
effect may affect velocity profile considerably. Comparing
with the Poseuille flow, the constant-property flow results



Fig. 4. (a) Electric potentials and (b) velocity profiles in CFR driving
microchannel flows predicted by using various flow models.

Table 2
Predictions of streaming potential gradient E�s by using various models at
Re ¼ 0:1;K ¼ 3; f�1 ¼ 4; r1 ¼ 1;B ¼ 0:1; dT ¼ 1

Model E�s

l, k, e, k,
D± = C

l, k, e = C, k,
D± = f(n±)

l, k, e = f(T), k,
D± = f(n±,T)

A. Microchannel flows driven at constant pressure-gradient (CPG)

LPB 24.06 9.75 9.59
PB 22.75 11.85 11.60
PNP 22.72 11.77 11.50

B. Microchannel flows driven at constant flow rate (CFR)

LPB 37.79 11.43 8.25
PB 36.27 14.69 10.48
PNP 35.52 13.95 9.97
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in Fig. 3b reveals that the flows are retarded in the presence
of EDL or electrokinetic effects. The unbalanced ions in the
EDL migrate towards downstream with the fluid flow leads
to a generation of streaming current and streaming poten-
tial. The streaming potential generates an electric force
against to the main flow and the channel flow velocity as
well as flow rate are reduced. This electrokinetic retar-
dation has been verified by a number of previous investi-
gations on constant-property electrokinetic flows. The
present results further disclose that the velocity profiles
approach towards the Poiseuille solutions as the variations
of D± and k with ion concentration are taken into account
in the computations. Considering dependence of ion con-
centration, the ionic diffusion D± and the bulk fluid con-
ductivity k are enhanced. Both of these two effects
suppress the streaming potential and in turn alleviate the
electrokinetic retardation. With further consideration of
temperature-dependence of the fluid properties, the resul-
tant velocity solutions deviate from the constant-property
ones under strong retarding effects drastically. The
decrease in fluid viscosity with increasing temperature com-
pensates the reduction in flow velocity due to retardation.
In the example shown in Fig. 3b, the variable-property
effects not only overcome the electrokinetic retardation
but also even exceed the conventional Poiseuille flow
velocity. This set of predictions of microchannel flows
driven at CPG demonstrates that the ion concentration-
and temperature-dependence of the fluid/transport proper-
ties are significant to the electro-thermo-hydrodynamic
characteristics.

In Fig. 4, the electrical potential at CFR does not
change drastically. Different from the CPG cases, changes
in the velocity profile at various conditions are relatively
smaller. The differences between the CPG and CFR flows
are due to the flow rates at different driving conditions.
In CPG flows, the pressure-gradient is kept constant, but
the flow rate varies case by case. As the flow retarded by
the strong electrokinetic effects at this condition of low K

and high f�1, the reduction in the flow rate may alter the
transport phenomena dominated by the momentum trans-
fer or forced convection. Whereas, at CFR condition, the
flow rate is kept constant, the velocity distribution in the
microchannel changes only slightly and the flow behaviors
directly related to the velocity field have relatively smaller
variation. From observations on Figs. 3 and 4, it is found
that the near-wall velocities predicted by the constant-
property model are lower than that by the variable-prop-
erty model. This result leads to less viscous force and more
electric force, which cause the over-prediction of E�s as that
presented in Fig. 2 and Table 2.

3.4. Electric potential and streaming potential gradients

In Fig. 5a, effects of electrokinetic separation distance
(K) and zeta potential ðf�1Þ on electric potential distribution
with zeta potential ratio rB = 1 are presented. The data in
Fig. 5 are for both CPG and CFR since, with the parame-
ters considered herein, the deviations between predictions
of w* in CPG and CFR flows are negligibly small. The elec-
tric potential is solved using model of PB equation with
variable properties (PB-V). It is found that the results of
K = 3,10, and 50 characterize the overlapping EDL, thick
EDL, and thin EDL, respectively. The potential solutions
with K = 10 and f�1 ¼ 1; 4; 8 show that increasing zeta
potential has little effect on the EDL thickness but increase
electric potential in the EDL. In the case of EDL



Fig. 5. Potential solutions at various conditions with effects of (a) K and
f�1; (b) rB.

Fig. 6. Effects of (a) K; (b) B; and (c) rf on streaming potential gradient.
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overlapped and/or f�1 > 2, the linear model generates
noticeable deviations as shown in Fig. 2a. The potential
distributions with various rB are plotted in Fig. 5b. With
the zeta potential ratio of non-unity, the electric potential
distributions between two walls are asymmetric.

Streaming potential gradients E�s under influences of
various electric, thermal, and flow parameters are shown
in Fig. 6. For both CPG and CFR flows, the value of E�s
decreases with increasing K and it approaches zero as K

up to about 50, as shown in Fig. 6a. It means that the elec-
trokinetic effects reduce as the channel height increases. In
addition, non-isothermal effects in CFR flows are more
noticeable than those in CPG flows. This fact can be fur-
ther demonstrated by the data in Fig. 6b, where the effects
of temperature non-uniformity with 0 6 B 6 0.2 are exam-
ined. At B = 0, the predictions of E�s at CPG are close to
but lower than that at CFR. Qualitatively, the non-isother-
mal effects reduce the values of E�s at CPG as well as CFR
conditions. As the properties presented in Appendix,
increases in non-isothermal parameter B increase electric
conductivity but reduce the bulk liquid viscosity. Increase
in electric conductivity of the liquid results in reduction
in E�s .In the flow driven at CPG, the retarded flow velocity
can be recovered a little for lower bulk fluid viscosity in the
presence of non-isothermal effects. However, in CFR flows,
the flow rate and thus the mean flow velocity is fixed. With
B increase, electric conductivity rises up but the flow veloc-
ity by which the ion delivered downstream changes little,
the value of E�s drops with increasing B more drastically.
Consistent with the results disclosed in the previous work
[6], the data in Fig. 6c show that the streaming potential
in a constant-property flow (B = 0) is zero at rB = �1 and
reaches a maximal value at rB = 1; while, in variable-prop-
erty flows (non-zero B), this fact is modified with the



Fig. 8. PB-V predictions of friction factors in CPG and CFR flows with
and without non-isothermal effects.
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presence of temperature non-uniformity. Results in Fig. 6c
also reveal that, in non-isothermal flows, the values of E�s at
CFR are lower than the values at CPG except for B < 0.01
or rf < �1.25.

3.5. Friction factors and heat transfer rates

Fig. 7 shows the variation of the bottom-wall (wall 1)
friction factor, f1Reðf1 ¼ 8sw1=qU 2

0Þ, with f�1 in fully devel-
oped microchannel flows. It can be found that under vari-
ous conditions, the friction factor f1Re decreases as zeta
potential f�1 increases. For small K, the friction factors
decrease more rapidly due to stronger EDL effects. The val-
ues of f1Re may turn to negative with very strong EDL
effects at small K and high f�1, which implies occurrence
of the flow reversal at wall. This descending trend of the
wall friction again demonstrates the electrokinetic retarda-
tion effects at high f�1 and/or low K conditions. Although
we have disclosed that E�s has a non-monotonic behavior
with respect to the increasing f�1, it is worthwhile to note
that there is no discrepancy between the above two facts
about the f1Re and E�s with the variation of f�1. Since the
electric force related to electrokinetic is proportional to
the product of charge density q�e and E�s , Eq. (11), and
Fig. 7. Variations of friction factors with zeta potential at various effects
of K and B in microchannels driven at (a) CPG; (b) CFR conditions.
the monotonic increase in near-wall q�e compensates the
decreases in E�s at high f�1. It is also observed that the
non-isothermal effects reduce the value of f1Re especially
at CFR condition, and the PB solutions deviate from
PNP solutions at higher f�1 especially at CPG. It can be rec-
ognized that viscous force is monotonically decreased with
increasing f�1. In non-isothermal flows, the decrease in f1Re

can be attributed to the reduction in viscosity at higher
temperature. The difference of f1Re between non-isother-
mal and isothermal flows at CFR is larger than that at
CPG as that shown in Fig. 7. The reason is that the net
change of driving force resulted from balance of electroki-
netic retardation and variable-property effects in CFR
flows is relatively smaller, therefore, lower velocity and in
turn velocity gradient can be resulted in near-wall regions.

With variation in K, Fig. 8 shows the electrokinetic and
non-isothermal effects on the wall friction factors f1Re and
f2Re for f�1 ¼ 4 and rB = 1. At isothermal condition (B = 0),
two walls have the same friction characteristics, i.e.,
f1Re = f2Re, and the friction factors at CPG approaches
that at CFR as K increases. While in the cases of
B = 0.1, at both CPG and CFR conditions, the friction fac-
tors on the cold wall (f2Re) are higher than that on the hot
wall (f1Re) due to variable properties with wall temperature
asymmetry, T1 > T2. The electrokinetic effects on the
hydrodynamic behaviors are related to the electric force,
which is proportional to the charge density as well as the
streaming potential gradient. Further, the electric potential
increases with increasing charge density. In one of our pre-
vious work [6], it was disclosed that increasing K would
increase electric potential but decrease streaming potential.
These two counter effects render a maximum electrokinetic
effect appearing at a certain value of K. The data presented
in Fig. 8 demonstrate that, with increasing K, the value of
fRe first decreases due to enhancement of electrokinetic
retardation effect. After fRe reaches a minimum at K � 4,
which corresponds to the maximum electrokinetic retarda-
tion, the fRe turns to increase with K for diminished elec-
trokinetic effect.



Fig. 9. Non-isothermal effects on friction factors in CPG and CFR flows.

Fig. 11. Effects of temperature non-uniformity and f-potential ratio on
Nusselt numbers in CPG and CFR flows.
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In addition, consideration of the variable fluid and
transport properties has relatively larger influences on
CFR flows. To explore the detailed non-isothermal effects
in the flow field, the variations of friction factor with
parameter B are shown in Fig. 9. In the range of
0 6 B 6 0.2, the changes of friction with the parameter B

at CFR are more obvious. Consider asymmetric boundary
conditions of temperature and zeta potential, results in
Fig. 10 reveal quite remarkable variations of fRe with an
increase in rB. From the friction data presented, we can find
that, at isothermal condition (B = 0) CFR flow has stron-
ger driving force to overcome viscous and Coulomb forces
for keeping constant flow rate, the value of fRe is higher
than that in a corresponding CPG flow. With the presence
of temperature gradient in the flow field (B = 0.1), the fric-
tion factor fRe in a CFR flow is relatively lower than that
in CPG flows.

As to the heat transfer in this class of low-Reynolds-
number microchannel flows, for the extremely weak forced
convection, it is conduction-dominated in nature. The heat
transfer rates at various electrical, thermal, hydrodynamic
conditions considered in the present work deviate little
Fig. 10. Effects of zeta potential ration on friction factors in CPG and
CFR flows.
from the conventional case (Nu/Nu0 = 1). To demonstrate
the small variation in heat transfer rate, Nusselt number
normalized by that without electrokinetic effects, Nu/Nu0,
at various conditions are presented in Fig. 11. In the cases
considered in the present work, the heat transfer rates with
electrokinetic effects alter only a few percentages.
3.6. Flow rates and pressure-drops

In CPG flows, the pressure gradient is one of the govern-
ing parameters given a priori. The actual flow rate through
the microchannel has to be evaluated by using solution of
velocity distribution. In CFR flows, however, the flow rate
or the mean velocity of fluid at inlet is given and the pres-
sure loss in the microchannel is a part of solutions. Fig. 12
presents predictions of flow rate ratios, Q/Qp, at CPG and
the dimensionless pressure gradient parameter, 8(�oP*/
oX)Re, at CFR. At CPG conditions in Fig. 12a, the flow
rate is generally reduced by electrokinetic effect, but this
retardation can be alleviated as K increases from 3 to a
value 10 or 50. Most strikingly, taking into account vari-
able properties with B = 0.1 leads to a considerable
increase (about 30%) in flow rate, which implies that the
flow encounters less resistance in the microchannel. The
numerical and analytic solutions generated using LPB-C
model agree very well but they deviate from the variable-
property solutions as f�1 lies up to 2. The results also dem-
onstrate that the PB-V and PNP-V solutions agree very
well, especially in the range of f�1 < 6. For the microchannel
flows driven at CFR, the pressure drop characterized by
the pressure-gradient parameter is obviously higher at a
smaller value of K (K = 3) in Fig. 12b. Since the electroki-
netic retardation is basically a resistance-increasing mecha-
nism, the pressure drop in a CFR flow varying with the
parameters K, f�1, and B has an inverse trend as the flow
rate in CPG flow and can be interpreted in the same man-
ner. The variations of Q/Qp and 8(�oP*/oX)Re with f�1



Fig. 12. Electrokinetic effects with various f�1 on (a) flow rate at CPG
flows, and (b) pressure drop in CFR flows predicted by constant-property
and variable-property flow models.

Fig. 13. Effects of (a) K; (b) B; (c) rf on flow rate in CFR flows and
pressure drop in CPG flows.
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shown in Fig. 12 have similar behavior as E�s shown in
Fig. 2. Since the streaming potential leads to the presence
of the conducting current and the electrokinetic force in
the direction against the main flow. Therefore, the non-
monotonic behaviors in the correlations can be addressed
in the similar manner as that for E�s in Fig. 2.

Fig. 13 gives typical parameter-dependence of the flow
rate ratio and the pressure-gradient parameter. The data
in Fig. 13a show that either Q/Qp and 8(�oP*/oX)Re vary
drastically with electrokinetic effects at the electrokinetic
separation distance in the range of, say, K < 20. As shown
in Fig. 13b, the flow rate in CPG or the pressure drop in
CFR flows can be significantly changed by considering var-
iable properties with the presence of non-uniform fluid
temperature and ion concentration in the microchannel.
However, Fig. 13c discloses that the variations in these flow
characteristics are only limited for the zeta potential ratio
rB ranging from �1.5 to 1.5. In general, variable-property
or non-isothermal effects essentially increase Q/Qp and
decrease 8(�oP*/oX)Re by changing physical properties
as the results shown in Figs. 13a and 13c. From Fig. 13b,
it is observed that the non-isothermal effects on the flow
characteristics can be further enhanced by increasing the
wall-to-fluid temperature difference characterized by the
thermal parameter B.
4. Conclusions

A generalized variable-property electro-thermal flow
model and the approximations of the model have been for-
mulated and used for simulation of microchannel flows at
various electrical, thermal, and hydrodynamic conditions.
From the computational results and the associated analy-
sis, the following conclusions can be drawn.



222 P.W. Hwang, C.Y. Soong / International Journal of Heat and Mass Transfer 51 (2008) 210–223
(1) For this class of low-Reynolds-number flows in
microchannels, heat transfer is conduction-domi-
nated in nature and the variations in heat transfer
rate at various electrical, thermal, hydrodynamic con-
ditions are only a few percentages. However, temper-
ature non-uniformity significantly influences the
electrical and hydrodynamic fields in microchannel
flows through the ion concentration- and tempera-
ture-dependence of the fluid and transport properties.
These thermal effects are relatively more pronounced
in microchannel flows driven at CFR than that at
CPG condition.

(2) Approximation with linearized Poisson–Boltzmann
equation is appropriate for solutions at higher K
(K > 20) and lower zeta potential (f* < 2). Beyond
these parameter ranges, linearization is invalid for
stronger electrokinetic effects and EDL overlapping.
In addition, variations of physical properties with
local fluid temperature and ion concentration are
very influential to the flow field. The constant-prop-
erty flow model with LPB potential deviates from
the variable-property model remarkably.

(3) In the parameter ranges studied, the results demon-
strate that the PB-V solutions agree very well with
the PNP-V solutions but only little discrepancy
appear at high f-potentials, say f�1 > 6. Considering
the accuracy in predictions and the economics in
computational time, variable-property model with
PB potential is most appropriate for simulation of
this class of microchannel flows without effects of
strong ion convection.

(4) Different driving conditions of fluid flow, CPG or
CFR, may result in different flow characteristics.
The electric potential is not sensitive to the driving
condition, while the streaming potential, which is a
consequence of electro-thermo-hydrodynamic inter-
action, is of noticeable difference between the predic-
tions at CPG and CFR conditions.

(5) Electrokinetic retardation effect enhances the flow
resistance, which either reduces flow rate in CPG
flows or increases the pressure drop in CFR flows.
These flow characteristics can be remarkably affected
by the electrokinetic separation distance (K), zeta
potential level ðf�1Þ, and temperature non-uniformity
(B) but relatively less influences by the zeta potential
ratio (rB).
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Appendix A. Correlations for variable properties

1. Fluid viscosity [12]
l�ðhÞ ¼ a5ð1þ BhÞ5 þ a4ð1þ BhÞ4 þ a3ð1þ BhÞ3

þ a2ð1þ BhÞ2 þ a1ð1þ BhÞ þ a0 ðA1Þ
a0 ¼ 1:417221609884� 103; a1 ¼ �6:078267930252� 103;

a2 ¼ �1:047646763913� 104; a3 ¼ �9:057148727702� 103;

a4 ¼ 3:923681498201� 103; a5 ¼ �6:809552559312� 102

2. Thermal conductivity [12]

k�ðhÞ ¼ b5ð1þ BhÞ5 þ b4ð1þ BhÞ4 þ b3ð1þ BhÞ3

þ b2ð1þ BhÞ2 þ b1ð1þ BhÞ þ b ðA2Þ
b0 ¼ 2:509960452308� 101; b1 ¼ �1:045187858138� 102;

b2 ¼ 1:747858402972� 102; b3 ¼ �1:421477914415� 102;

b4 ¼ 5:672840097532� 101; b5 ¼ �8:942042517281

3. Permittivity [12]

e�ðhÞ ¼ c2ð1þ BhÞ2 þ c1ð1þ BhÞ þ c0 ðA3Þ
c0 ¼ 3:195075035719; c1 ¼ �3:022547054553;

c2 ¼ 8:276152224113� 10�1

4. Electrical conductivity [22]

k�ðh; n��Þ ¼
k
k0

¼ kþgþ þ k�g�
kþ0gþ0 þ k�0g�0

¼
ðkþ0 þ 7:45kþ0BhÞn�þ þ ðk�0 þ 7:45k�0BhÞn��

kþ0 þ k�0

ðA4Þ
(K+): k+0 = 73.48 � 10�4 m2 S/mol, (Cl�): k�0 = 76.31 �
10�4 m2 S/mol; g+, g�: the number of moles of cation
and anion in the electrolyte, respectively (M = kmol/m3);
k: electrical conductivity of the electrolyte solution (S/m);
k+, k�: equivalent ionic conductivity of the cations and an-
ions, respectively. KCl is used as the electrolyte solution,
and its bulk ionic concentration is chosen as 10�6 M. n+ =
NAg+, n� = NAg�; NA: Avogadro’s number = 6.022 � 1023

(1/mol).
5. Ion diffusivity [23]

Di ¼
RT

F 2

� �
ki

jzij

� �
; i ¼ þ;� ðm2=sÞ ðA5Þ

D�� ¼
D�
D�0

¼ T
T 0

k�
k�0

¼ ð1þ BhÞð1þ 7:45BhÞ ðA6Þ

Di: diffusion coefficient of the ion in dilute aqueous solution
(m2/s).
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